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IIpencraBnenne MoaeIn BEpOSITHOCTHON XapaKTEPUCTHKA B BUE pa3ioxkeHus B psix Oypoe — oquH U3 Hanboiee addex-
THUBHBIX CIIOCOOOB MOHIKEHHMSI CIIOXKHOCTH Mozend. [1Inpokoe mpuMeHeHrne Ipy peleHrd 3a1a4 HAeHTHHUKAHH, QUIbTpa-
I[UY U aHAITN3€ JHHAMUYECKHX CHCTEM HAIIUTH OPTOTOHAIBHBIE CHCTEMBI (DYHKITHH, TO3BOJISAIOIINE IPEACTABUTH IIHHHbIE Bpe-
MEHHbIE TI0CTIEA0BATEIBHOCTH B BUIE O0JIee KOPOTKOTO CIIEKTPA Pa3JIOKEHHS.

JU1st HOBBIICHUSI YCTOMIMBOCTU U JOCTOBEPHOCTH OPTOTOHATIBHON MOJENN BEPOSATHOCTHONW XapaKTEPHCTHKU HCIIOIB3Y-
I0TCS Pa3INYHbIC TOAXObI: ONTUMU3ANHUS TApaMETPOB OPTOrOHAIBHOM MOJIEIH; IPUMEHEHHE YCTONINBBIX YUCICHHBIX CXeM
JUTSL BEIYHCIICHUS KO3 (HIHMEHTOB Pa3JIoKeHHUs ; HOCTPOCHHE B3BEIICHHBIX MOJIeIeH, TO3BOJLIIOIINX YIeCTh 0COOEHHOCTH I10-
BE/ICHUsI JMHAMUYECKUX CHCTEM, B YaCTHOCTH, HECTALIMOHAPHBIX CUCTEM U CUCTEM C 3ama3fbIBaHueM, U T.J.

OcoOBlif MHTEpEC MPEACTABISIET METOl, YIUTHIBAIOIINI HEOOXOAUMOCTh BBIIIOJIHEHHS OPTOrOHAIBHOW MOJIEIBI0 OCHOB-
HOTO CBOWCTBA BEPOSITHOCTHOHN XapakTepHCTHKU. OH CBOIUTCS K HEOOXOANMOCTH BEIYHCIICHHUS TIONPABOK I KO3 dunmeH-
TOB Pa3/I0XKEHHsI, BETMINHA KOTOPBIX PACCUUTHIBACTCS C YIETOM OCHOBHBIX CBOICTB BEPOSTHOCTHBIX XapaKTEPUCTHK U Oa3uc-
HBIX (QyHKIUH. TakuM 00pa3oM, MOCTPOCHHUE COBOKYITHOCTH OPTOTOHAIBHBIX MOJeNel TpeOyeT pa3IHyHbIX peaan3annii B 3a-
BHCHMOCTH OT ITOCTAaHOBKH 33241 U aHAJTM3UPYEMOH TMHAMHYECKOH CHCTEMBI.

Jlannas paboTta 06001maeT IpeIoKEHHBIH paHee MaTeMaTHIECKHH anmapart Uil peaan3alui OMCAaHHOTO METOa, KOTO-
PBIA MO3BOJSIET CIEAYIOIIee: MPEMIOKUTh 0000IIEHHOE ONHCAaHNe HMONPAaBOYHBIX KOI(DGHUIMEHTOB Ul y4eTa OCHOBHBIX
CBOMCTB (DyHKIMOHAIBHBIX XapaKTePUCTUK B MaTPUYHOHM (opMe; MoKa3aTk, YTO NPEUIOKEHHBIE OLCHKH aHAJIOTHYHBI OLICH-
KaM K03 UIMEHTOB, perysipH30BaHHBIM 110 HOpMe L2; BBECTH sAAPOBYIO (QDYHKIIMIO JUIsl OTUCAHHS OCHOBHBIX CBOHCTB (DyHK-
[IMOHAIBHBIX XapaKTePHCTHK. Pe3ynbTaToM paboThl SBISIETCS TEOpETHUECKOe 0OOCHOBAaHHME YCTOWYMBOCTH HPEIUIONKEHHBIX
pEeryIspH30BaHHBIX OICHOK.

IIpennosxeHHBI MaTeMaTHIECKHH ammapar AJs OTMCAHUS PErySIPH30BAaHHBIX OPTOrOHAIBHBIX MOJIEIIEH TTO3BOISIET CBE-
CTH OLICHKY ITOIIPABOYHBIX KO (PHUITIEHTOB IS Pa3INIHBIX BEPOSTHOCTHBIX XapAKTEPUCTUK U OA3UCHBIX QYHKINIT K eTHHOMY
ITOPUTMY U, KaK CIE€ACTBHE, CYIIECTBEHHO ITOBBICUTH BEIIHCIUTENBHYIO 3G ()EKTUBHOCTS €€ MPOrpaMMHON peaTn3amni.

Knrouesnie cnosa: pezynapusayus, a0pogvie QYHKYUU, OPMOSOHANbHbIE MOOENU, 6EPOAMHOCIHbLE XAPAKMEPUCUKY.

OpToroHanbHBIE MOJETH BEPOSTHOCTHBIX Xapak-
TEPUCTHK TIOJTyYSHBI Pa3JIOKCHUEM B PsI IO OPTOTO-
HaIlbHBIM 0a3lcaM SMIOHUPHYECKUX 3aBHCHMOCTEH,
TaKWX KaK OLEHKH IUIOTHOCTEH U QYHKIMIA pactpe/e-
JICHUSI BEPOSATHOCTEU, KOPPEIISIHMOHHBIX U CIIEKTPaJIh-
HBIX (QYHKIMHA ¥ mIoTHOCTEH MomHOCTH [1-4] u T.1I.
Tak xak Takod MOAXOJ K IIOCTPOCHUIO MOJEIEH yHU-
BEpCaJICH, OH SBIIACTCS HEapaMeTPHUYECKHM, YTO T10-
HIDKAeT MHTEPIIPETUPYEMOCTD PE3YIBTHPYIOMINX OIle-
HOK. OiMH U3 CIIOCOOOB TOBBIMIEHHUS JOCTOBEPHOCTH
1 YCTOHYHMBOCTH OLIEHOK BEPOSTHOCTHBIX XapaKTEpH-
CTHK, IONyYEHHBIX IO OPTOTOHAIBHOW MOJIENH, —
HaJIOXKEHHE JTOTOJHUTENbHOro ycioBus [1]. JanHoe
ycioBue (opmanusyercs UCXOosl U3 HEOOXOIUMOCTH
BBINOJIHEHNS] OCHOBHBIX CBOICTB BEPOATHOCTHBIX Xa-
PaKTEPUCTUK, TAKUX KaK 3HAUEHHE B HYJIE U €AMHUIIC
(yHKIIMH pacpesiesieHus], 3HaueHNe B HyJIe KOppeJs-
IIMOHHOW (PYHKIINHU, HOPMHPOBKA CHEKTPAIBHON IIJIOT-
HOCTH MOIITHOCTH Y T.7. B COOTBETCTBHMHM C 3THUM yCIIO-
BHEM OIIEHKH KO3((HUIIMEHTOB Pa3IOKECHHS TIePECUH-
TBIBAIOTCS C YIETOM TONPABOYHBIX KOIPPHUITUCHTOB.

B paborax [1, 2] 6oyiee neTanbHO U3JIOKECHBI CIIe-
QKA IpeIaraeMoro noaxo/a, a TAKKe aHATUTHIC-
CKHE COOTHOIICHMS IOIPABOYHBIX KOI(PPHUIMECHTOB
JUIS pa3lIUYHBIX BEPOATHOCTHBIX XapaKTEPUCTUK MPU
pasnoxxenuu B psiabl Jlareppa, Jlexxannpa, Jupuxie,

YeOrbI11eBa, BKIOYass 0000meHHble 6azuckl CoHMHA—
Jlareppa u SAxo0wu [2].

OmHAaKoO TOCTPOCHUE COBOKYIMHOCTH OPTOTOHAIB-
HBIX MOJIeNIeH TpeOyeT pa3IMYHbIX alTOPUTMHYECKUX
W MPOTPaMMHBIX peaii3aluid B 3aBUCUMOCTH OT IIO-
CTaHOBKHM 3aJlaud W aHAJIM3HPYyEMOW JIWHAMHUYECKOU
cucrembl [1-4]. Jlannas pabora oGobmiaer npeso-
KEHHBIN paHee MaTeMaTUIeCKUH ammapar s popma-
JU3AIMA OMMCAHHOTO METOJa, Ipejjarasi OIMHCAHHEe
MOMPABOYHBIX KOI(DUIMEHTOB AJIsI y4eTa OCHOBHBIX
CBOWCTB (hyHKIIMOHAJIBHBIX XaPaKTEPUCTUK B MATPUU-
HOM opme. [lokazaHO, UTO TPEIOKESHHBIE OIEHKH
AHAJIOTUYHBI OIICHKaM KOX((QUIMEHTOB, PEryIsIpU30-
BaHHBIM 110 HOpME L, 9TO MO3BONSET CBECTH 3aJady
BBIYUCIICHUS MTOTIPABOYHBIX KOA(QQHUIUEHTOB K OoJee
o0IIeMy MmpeacTaBICHUI0 B (JOpMe 3allaud PeryIsipH-
3alli¥ HCXOJHBIX OIEHOK Koddduuumenror. Kpome
TOro, B paboTe MaHO TEOPETUYECKOEe OOOCHOBaHUE
YCTOMYHUBOCTH IMOJYYCHHBIX OICHOK Yepe3 BBEICHHUE
SAPOBON (DYHKIMM U1t OMMCAHUS OCHOBHBIX CBOWMCTB
(hYHKIIMOHATIFHBIX XapaKTEPHCTHK.

ITocTanoBKka 3agaun

IMocraBuM 3amady MOCTPOEHUS OPTOTOHAIBHOMN
MOJIETIM B MaTpu4HO# Qopme. Bemem cienyronue
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o6o3nauenus. [Tycts f € R" — BeposiTHOCTHAs xapax-
tepuctika, ® € R™™ — cucrema OpPTOTOHATBHBIX
¢byukumii, B, b, ¢ € R™ — BekTOpHI CTaHAAPTHBIX, 0~
MOJIHEHHBIX M NONPaBOYHBIX Koddduimentor dypoe
COOTBETCTBEHHO. Torma BenuuuHa HeEBSI3KU [5-10]
A € R MoxeT OBITh 3a/1aHa B BUIE

A() = (f — ©B)'(f - OP), (1)
otkyna OA(B)/oB = — 20T (f — D).

[Torpebyem BBINONHEHNST HEOOXOIUMOTO YCIOBHS

OA(B)/OB =0, — Of + PTOB =0, 2)
YTO TI03BOJISIET MPEACTABUTH OLIEHKH CTaHJaPTHBIX KO-
3G PULIUCHTOB B BUE

B = (OTD) DT, 3)

Boryucienne oneHoK K03 punueHTon
¢ JONOJTHUTEJbHBIM YCJI0BUEM

[epermmrem cootHomeHue (1) ¢ ydeTom JOMOTHH-
TEJIBHOI'O YCIOBUS coryiacHo [1]:

A(b) = (f — ©b)T(f — db) + bTkeA, 4
rae Ky € R™ 3a1aeT BeKTOp 3HAYEHHIA, OTIPEIEIISFOIIHIA
OCHOBHBIC CBOMCTBa CHCTEMBI OPTOTOHAJBHBIX (PYHK-
uii; A € R — HopMupyomuid k03¢ GHULIUEHT, onpe/e-
JISIOIINHN MTOTIPaBOYHBIE KOS UITHEHTHI.

[To aHamOTMM MOKHO 3aITUCATh:

O0A(b)/db = — 20T(f — db) + ke,

O0A(b)/ob =0,

— 20T + 20TDb +keA = 0.

C yuerom HOpManbHOTO ypasHeHus OTOR = OTF,
cnemyromero u3 (2), nonyuum — 2OTOR + 20TOb +
+ koA = 0, oTKyaa oneHKH KOI(PPUIHCHTOB, HOMOI-
HEHHBIX K (3), IpUMYT BH]

b=p— (OTD)keA/2. (5)

3anuiueM OCHOBHOE CBOMCTBO BEPOSITHOCTHOM Xa-
PaKTepUCTHUKH B BUJIC

ko b = ki, (6)
riae ke € R 3aaet Benu4nHy, XapakTepU3yIOIIYIO OC-
HOBHOE CBOMCTBO BEPOATHOCTHOM XapaKTEPUCTUKH.

IIpunumast Bo BHMMaHue (5), mpernctaBuMm (6) B
Buzie Ko (B — A/2(D D) 'ky) = kr, oTKyma

M2 =~ (ko"(DTD) 'Kg) (ki — Ko B). (7)

C yuerom (5) u (7) BBememM o0O3HAUEHUE IS JI0-
MOJIHEHHBIX OLICHOK b = § + C, OTKyZa BEKTOP OLCHOK
TIONIPABOYHBIX KOI(P(PHUIIMEHTOB IPUMET BHJ

= (OTD)kyA/2 =

= (OTD) ko(Ko (DT D) 'Ko) ! (ki — Ko B).
ITeperumem (1) B AONOTHEHHBIX KOAQPHUINEHTAX:

A(b) = (f — ©b)T(f — Db),

A(b) = fTf — 2f T®b + bTdDh.

C yuerom toro, uto b= +c,

A(b)y =TT - 2f TOP + ¢) + (B + ¢)"ODT(B + ¢),

A(b) = f Tf — 2BTODTB — 2BTDDc + BTODTB +
+2BTODc + cTdDc,

A(b) = fTf - BTDODOTB + cTdDc.

IMokaxem, uto mpu ycnosuu BIODTC = 0 mosmyuen-
Hasi MOJIENIb UACHTUYHA PEryJIIpU30BaHHON C HEKOTO-
poii sapoBod (yHKIMEW, 3aJaHHOM B MATPUYHOM
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thopme kak K € R™™. TIpu 3TOM BBEICHHOE S/IPO 3a-
JlaeT OCHOBHBIE CBOHCTBA BEPOSATHOCTHBIX XapaKTepH-
CTHK U CUCTEMBI 0a3UCHBIX (QYHKIHMH.

Bbrunciienue peryjisipu30BaHHbBIX OLEHOK
K03 (pPULIHEHTOB

[IpencraBum cootHomIeHHe (4) kKak (1) ¢ perymsapu-
3anueit mo Hopme Lo [7-101]:

A(B) = (f - ©B)1(f - ©P) + BTK'B,

OTKyZa

OA(B)/OB = - 2D0T(f — dB) + 2K'IB,

OA(B)/oB =0,

- 20%(f - ®B) + 2K B =0,

- O+ OTOR + KB =0,

B(OTD + K!) = OTf,

B =(OT® + Ky ldTf, ®)

Tak kak JBoiHas omepanus OOpAaIlCHUS MaTpUIl
MOXKET 3HAYHUTEIBHO MOBBICUTH BBIYUCIHTEIbHBIC 3a-
Tpatel, npeobpasyem (8) k Bumy O = O(@TO +
+ Ky loTf,

Beens P = OKDT, nonyuum OB = P(P + 1n) ', rae
Ihe R™.

Torna onenkn koadunreHTOB NPUMYT BUA B =
= KOT(OK®DT + 1) !f, uro nnenTnuno perynspusoan-
HBIM OILICHKaM JUIi B3BCIICHHON CHCTEMbI 0a3MCHBIX
(hyHKIHH.

BriBOBI

B nmanHO# paboTe paccMOTpeH MpeIIoKESHHBIN
paHee MeTOJ MOBBIIIEHHUS TOCTOBEPHOCTH U yCTONYH-
BOCTH OPTOTOHAJIbHBIX MOJIENIeH BEPOSTHOCTHBIX Xa-
paKTepUCTHK B TepMHMHax Lo-perymspuzanmu. Takas
TPaKTOBKa IIO3BOJIMJIA PEIINTH CIEAYIOIINE 3aatdu:
MPEIOKNTh 000OIIEHHOE OIMMCaHHE ITOTPABOYHBIX
KO3 PHUINEHTOB AJIs y9eTa OCHOBHBIX CBOMCTB (hyHK-
[IMOHAJIbHBIX XapaKTePUCTHK B MaTPUUHOI popme; 11o-
KazaTh, 4YTO MPEJIOKECHHbIE OLEHKH aHAaJOTHYHBI
OLIeHKaM KO3(h(HUIMEHTOB, PperyJsipU30BaHHBIM 10
HOpMe Lo; BBeCTH AApOBYIO (YHKIHMIO AJIS ONTHUCAHUS
OCHOBHBIX CBOMCTB ()YHKI[MOHAJBHBIX XapaKTepH-
CTHK.

PesynbraToM naHHON pabOTHI SBISIETCS TEOPETH-
yeckoe 00OCHOBaHME YCTOMYHMBOCTH IIPEJIONKEHHBIX
peryisipu30BaHHBIX OIEHOK. [IpakThueckas 3Hauu-
MOCTbH IOJIy4E€HHOTO pe3yJibTara 3aKJII04aeTcsi B BO3-
MOXHOCTH OLICHWBaHHUS IOIPABOYHBIX KO3(D(PHULNECH-
TOB JUUISl PA3IMYHBIX BEPOSITHOCTHBIX XapaKTEPUCTHK
0a3uCHBIX (YHKIUH C TOMOMIBIO OJTHOTO JITOPUTMA,
9TO ITO3BOJIUT MPEIOKUTE OoJiee 3 (HEeKTUBHYIO TIPO-
TPaMMHYIO pean3aIio.
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REGULARIZED ORTHOGONAL MODELS OF PROBABILISTIC CHARACTERISTICS
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Abstract. The representation of a probabilistic characteristic model as Fourier series is one of the most effective methods
for model complexity reduction. The orthogonal function systems are widely used to solve the problems of identification,
filtering, and analysis of dynamic systems. This success is often connected to the ability of presenting long time series as a
more compact model.

There are different methods to guarantee stability and validity of such probabilistic characteristic orthogonal model. They
include: optimizing orthogonal model parameters, using numerically stable schemes for computing Fourier coefficients, de-
signing weighted models that allow taking into consideration the aspects of dynamic system behavior, in particular, non-sta-
tionary systems, delayed system and so on.

Nevertheless, the primary focus of the paper is on the method that takes into account the requirement of executing basic
probabilistic characteristics property by an orthogonal model. This method is based on the need of computing the corrections
for Fourier coefficients, which are determined with regard to the basic properties of both probabilistic characteristics and basic
functions. As a result, a set of orthogonal models requires different implementations depending on a problem statement and a
dynamic system.

This paper generalizes the previously proposed mathematical models to implement the method that allows the following:
to propose a general description of modifying factors in order to take into account basic properties of functional characteristics
in a matrix form; to show that the proposed estimates are identical to the estimates regularized with Lz-norm; to introduce a
kernel function for describing basic properties of functional characteristics. The findings of the present study prove the stability
of the proposed regularized estimates.

The generalized mathematical models reduce the method of computing the corrected estimates for various functional char-
acteristics to a unique algorithm. Therefore, this significantly improves the computational efficiency of further software imple-
mentation.

Keywords: regularization, kernel functions, orthogonal models, probabilistic characteristics.
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